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In this work we are concerned with the understanding of the collisionless drag or entrainment
between two superfluids, also called Andreev-Bashkin effect, in terms of current response functions.
The drag density is shown to be proportional to the cross transverse current-current response func-
tion, playing the role of a normal component for the single species superfluid density. We can in this
way link the existence of finite entrainment with the exhaustion of the energy-weighted sum rule in
the spin channel. The formalism is then used to reproduce some known results for a weakly inter-
acting Bose-Bose mixture. Finally we include the drag effect to determine the beyond mean-field
correction on the speed of sound and on the spin dipole excitations for a homogeneous and trapped
gas, respectively.
I. INTRODUCTION
The superfluid drag was first predicted by Andreev and
Bashkin [1] for a two component superfluid mixture, cor-
recting previous works by Khalatnikov [2]. The effect
predicts that the superflow in one component will induce
a superfluid current in the other one without any dissi-
pation. In other words the superfluid currents of each
component in a mixture depend on both superfluid ve-
locities [1].
Although the Andreev-Bashkin effect was first pre-
dicted in the context of 3He-4He mixtures, a mixture of
these two components where both are in the superfluid
state cannot be achieved experimentally, due to their low
miscibility. The Andreev-Bashkin effect has also been
discussed in the hydrodynamics of neutron star cores
(see [3] and references therein), which are believed to
be made of a mixture of superfluid neutrons and pro-
tons. Cold atomic mixtures have also been proposed as
a promising environment [4–8] where the effect could be
observed. Nevertheless, a direct experimental observa-
tion of the drag is still missing.
The main aim of this paper is to describe how the drag
effect arises from the general microscopic many-body the-
ory of two interacting quantum fluids as well as its effect
on their dynamics. In particular we relate the super-
fluid drag density to the current-current response func-
tions, making a clear distinction between their transverse
and longitudinal long wavelength limits. This approach
applies to any quantum mixture in the linear response
regime. Therefore it can be employed to predict the mag-
nitude of the drag effect in a variety of systems.
We also connect this result with the formalism of sum
rules, which is an established tool to study the elementary
and collective excitations of (trapped) quantum gases
(see [9]). We show how the presence of the drag results
in a correction to the energy weighted sum rule.
We then apply the linear response formalism to the
case of a weakly interacting Bose mixture with Z2 sym-
metry, fro which we derive the beyond mean field fre-
quency shifts of the elementary spin excitations.
While we will mostly focus on homogeneous systems,
our formalism applies to discrete space Hamiltonians
alike, with just very small modifications as explained in
Appendix B.
The structure of the paper is as follows. In section II
we provide the microscopic definition of the drag within
linear response theory and rigorously derive its correction
to the energy weighted sum rule. In section III we spe-
cialize to a Z2 symmetric Bose-Bose mixture. We recover
the known value of the superfluid drag in subsection III A
and calculate its effect on the spin speed of sound and
on the spin dipole frequency in III B and III C, respec-
tively. Appendix B is devoted to derive our main results
for Bose-Hubbard Hamiltonians.
A. The Andreev-Bashkin effect: three fluid
hydrodynamics
In [2], Khalatnikov, inspired by the two fluid model
used in single component superfluidity, chose to describe
a mixture of two components in terms of a three fluid
model, i.e. the normal fluid and the two superfluids.
However he did not consider the possibility of a coupling
between the two superflows.
Later, Andreev and Bashkin [1] introduced such a cou-
pling which gives rise to their eponymous effect. For the
case of a homogeneous system in the hydrodynamic limit,
to describe the relation between the mass current densi-
ties mαjα of each component α = A,B and the velocities,
they introduced the matrix of the superfluid densities ραβ
defined such that:
mAjA=(mAnA − ρAA − ρAB)vn+ ρAAv(s)A + ρABv(s)B
mBjB=(mBnB − ρBB − ρBA)vn+ ρBBv(s)B + ρBAv(s)A .(1)
In Eq. (1) mα are the bare masses of the constituent
atoms of component α, nα the number densities and
v
(s)
α are the superfluid velocities defined as v
(s)
α =
~/mα∇ϕ(r, t), with ϕ(r, t) the condensate phase. In the
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2hydrodynamic regime, it is assumed that both the A and
B normal components are in thermal equilibrium due
to their mutual collisions, implying that there is only
one normal component with velocity vn. Equation (1)
describes the fact that the superflow of one component
takes part in the mass current density of the other. The
off-diagonal terms of the matrix represent the drag that
one component forces upon the other. The matrix ραβ is
symmetric [1] – as we also show in the following – so that
ρAB = ρBA. The expression mαnα − ραα − ρAB is the
density of the normal part for the component α – valid
for translationally invariant systems. At zero tempera-
ture the normal component vanishes [10] and the sum of
all the superfluid densities is the total mass density of
the system ρ, namely:
ρ ≡ mAnA +mBnB = ρAA + ρBB + 2ρAB . (2)
This relation is modified in presence of a lattice since it
breaks translational invariance, as shown in appendix B.
The Andreev-Bashkin drag is collisionless in nature: it
results from the renormalization of the mass of particles
of one component by the interaction with the other com-
ponent. Thus the flows of the two components are cou-
pled without any dissipation of energy. In this regard the
collisionless drag is closely related to the polaron drag,
where an impurity immersed in a bath of other indis-
tinguishable particles (majority component) has its mass
renormalized by interactions. This is what makes the
drag non vanishing even at zero temperature.
Throughout this paper we will use the more generic
term “collisionless drag” interchangeably with “Andreev-
Bashkin drag”.
II. MICROSCOPIC DESCRIPTION OF THE
COLLISIONLESS DRAG FROM LINEAR
RESPONSE THEORY
In this Section the three-fluid hydrodynamics of equa-
tion (1) is connected to the microscopic theory by means
of linear response.
In the context of superfluidity, linear response theory
allows us to relate the superfluid and normal densities
of the Landau two-fluid model with current-current re-
sponse functions (see e.g. [9, 11, 12]). We generalize this
concept to the case of a two component superfluid mix-
ture, without referring to any specific microscopic model.
The basic idea is to start with the fluid in equilibrium
and then to subject the fluid to moving boundary con-
ditions (e.g. the walls of the container) whose velocity
increases adiabatically from zero to a small velocity v in
the laboratory frame. We then can identify the momen-
tum density that is imparted by the moving boundary
conditions. We will show that this is formally the same
as calculating the momentum density thermal average
with a perturbed Hamiltonian where the perturbation
depends on the vα. This can then be expressed in terms
of a current-current response function.
Finally, using Eq (1), we express the momentum den-
sity in terms of the ραβ and ρn, thereby relating the
latter to the transverse current response function in the
long wave length limit.
Aside from giving an intuitive account of the effect and
making a clear connection to the existing literature on
superfluidity, this approach could prove useful to make
predictions on the value of the collisionless drag in var-
ious systems, thus identifying those which are the best
candidates to display it in a significant way. Another
strength of this formalism is that response functions can
be generally computed making use of diagrammatic the-
ory and numerical techniques.
A. Superfluid densities as current-current response
functions
We take the approach described in [12] and generalize
it to a two component superfluid mixture. The system
considered here is described by an Hamiltonian in the
form Hˆ = Kˆ + Uˆ where the kinetic term is
Kˆ =
∑
α=A,B
∫ (
1
2mα
∇Ψˆ†α∇Ψˆα
)
dr (3)
and the interaction reads
Uˆαβ =
1
2
∑
α,β
∫
drdr′Ψˆ†α(r)Ψˆ
†
β(r
′)Uαβ(r− r′)Ψˆβ(r′)Ψˆα(r)
(4)
with Uαβ the two-body intra- and interspecies potential
and Ψˆα(r) and Ψˆ
†
α(r) quantum annihilation and creation
fields of each species at position r. In order to define
the superfluid densities microscopically, we will express
the currents of Eq. (1) as thermal averages of the corre-
sponding quantum operator
jˆα(r) =
~
2mαi
(
Ψˆ†α(r)∇Ψˆα(r)−H.c.
)
, (5)
namely we will ensure that
〈
jˆα(r)
〉
= jα. To do this
we consider a gedanken experiment where the mixture
is contained in a cylinder extending infinitely in the ax-
ial direction, which we call x. The walls of the cylinder
are moving with a given velocity vn = vnxˆ with respect
to the lab frame. We call Sn the frame of reference in
which the walls of the cylinder are at rest. We know
that, in thermodynamic equilibrium, the three fluid hy-
drodynamics developed in [1] predicts that the normal
part will be at rest with the walls, while each superfluid
component α will be at rest with respect to other frames
of reference Sα. We will call vα the velocities of Sn with
respect to Sα.
In the frame of reference of the walls, Sn, the superfluid
3velocities are simply v
(s)
α = −vα. We can write:〈
jˆα(r)
〉
Sn
=
1
Z
Tr
[ˆ
jα(r)e
−βHˆ
]
=
1
Z
Tr
[(
Uˆ†jˆα(r)Uˆ
)
e−βUˆ
†HˆUˆ
]
=
1
Z
Tr
[(
jˆα(r)− vαnˆα(r)
)
e−βHˆ(vα,vβ)
]
.
(6)
Here, Z = Tr
(
e−βHˆ
)
is the partition func-
tion and we introduced the “boost” operator
Uˆ = exp (−i ∑
α=A,B
mα
~ vα · Rˆα). The number density
operator for the component α is nˆα(r) = Ψˆ
†
α(r)Ψˆα(r)
and the centre of mass operator for component α
is Rˆα ≡
∫
dr nˆα(r) r . The boost operator does not
correspond to a Galilean boost of the whole system
as in the single component case but rather to the
product of two different boosts in each component.
The “boosted” Hamiltonian Hˆ(vA,vB) = Uˆ
†HˆUˆ is the
original Hamiltonian with the substitution:
∇Ψˆα → Uˆ†∇ΨˆαUˆ = (∇− imαvα~ )Ψˆα , (7)
which in particular implies the relation Uˆ†jˆα(r)Uˆ =
jˆα(r) − vαnˆα(r) used in the last line of Eq. (6). In
this way we have achieved our first goal of expressing the
current density
〈
jˆα(r)
〉
Sn
in terms of a thermal average
with a perturbed Hamiltonian dependent on the veloci-
ties vα,vβ .
This average can now be evaluated to first order in vA,
vB by means of linear response theory.
We remark that the derivation above holds for any
Hamiltonian that is a functional of the fields Ψˆα(r) and
Ψˆ†α(r) defined in continuous space. As we will show in
appendix B, for a discrete space Hamiltonian (e.g. in a
Hubbard model) it is sufficient to use the corresponding
discrete operators and to replace the density nˆα with the
kinetic energy Kˆα (see in particular Eq. (B6)), owing
to the different action of boosts on the discrete space
momentum operator.
The computation of the average of equation (6) for a
one component superfluid by means of linear response
theory is contained in various textbooks on superfluidity,
a particularly clear reference being [12]. We sketch here
just the steps which are important from the conceptual
standpoint. Suppose for simplicity that the velocities vα
are both along the x direction. By using perturbation
theory we obtain, to first order in vA and vB :〈
jˆα(r)
〉
Sn
= −nα(r)vα+
+
∑
β=A,B
mβ
∫
dr′χjx,α,jx,β (r, r
′, ω = 0)vβ ,
(8)
where χjx,α,jx,β (r, r
′, ω) are the current-current response
functions. For a homogeneous system of volume V and
number of atoms N we have that nα(r) = nα = N/V and
one can consider the Fourier transform of the response
functions:
χjx,α,jx,β (q, ω) =
1
V
∑
m
e−βEm
∑
n 6=m
(
〈n|j†x,α(q)|m〉 〈m|jx,β(q)|n〉
En − Em + ~ω + iη
−〈n|jx,α(q)|m〉 〈m|j
†
x,β(q)|n〉
Em − En + ~ω + iη
)
,
(9)
where jˆα(q) is the Fourier transform of the current oper-
ator Eq.(5):
jˆα(q) =
~
2mα
∑
k
(2k + q) aˆ†k,αaˆk+q,α . (10)
where aˆk,α =
∫
dr eik·rΨˆα(r).
We focus our attention on the second term in equation
(8) which we can write as:∫
dr′χjx,α,jx,β (r− r′, ω = 0) =
=
∫
dq
(2pi)3
∫
dr′eiq·(r−r
′)χjx,α,jx,β (q, ω = 0) .
(11)
The integration in r′ must be carried out considering the
geometry of the system. Since we are dealing with a
cylinder extending infinitely in the axial direction x this
will pick out a delta factor 2piδ(qx), thus setting qx = 0
in χjx,α,jx,β (q, ω = 0). In the thermodynamic limit one
then sends the radius of the cylinder to infinity, thus
getting other two deltas, 2piδ(qy) and 2piδ(qz). All in all
this amounts to taking the limit of q to 0, as is expected
in the thermodynamic limit. For a superfluid system it
is nevertheless crucially important to take care of the
order in which we send qx and qy to 0. Since the cylinder
extends infinitely in the x direction we had to set first
qx = 0 and then send qy to 0, so we are concerned with
the transverse response.
For an arbitrary direction of j(q) we have the following
definitions for the transverse and longitudinal response
functions:
χjα,jβ (q
⊥, q‖ = 0, ω = 0) =: χ⊥jα,jβ (q)
χjα,jβ (q
⊥ = 0, q‖, ω = 0) =: χ‖jα,jβ (q)
(12)
where q⊥ and q‖ are the components of q perpendicular
and parallel to j respectively. From the above discus-
sion we obtain the linear response result for the current
carried by each component in the wall frame Sn:〈
jˆα
〉
Sn
= −nαvα +
∑
β=A,B
mβχ
⊥
jα,jβ
(q = 0)vβ . (13)
Up to now we have not made use of the fact that the cur-
rent density is carried only by the superfluid components
4and the previous discussion is also applicable to a normal
fluid. The currents in the frame of the walls depend only
on the superfluid velocities, from Eq. (1) one has:〈
mαjˆα
〉
Sn
≡ mαjα = − (ρααvα + ραβvβ) . (14)
Comparing equations (14) and (13) we get the desired
results for the superfluid densities in terms of linear re-
sponse functions:
−mAmB lim
q→0
χ⊥jA,jB (q) = ρAB (15)
−m2α lim
q→0
χ⊥jα,jα(q) +mαnα = ραα (16)
∑
α,β=A,B
mαmβ lim
q→0
χ⊥jα,jβ (q) = ρn . (17)
The formalisation of equations (15), (16), (17) is an im-
portant result of the paper. Resting only on the assump-
tion of having a homogeneous superfluid mixture with
interspecies interaction, they provide the full microscopic
expressions of the hydrodynamic coefficients to linear or-
der in the superfluid velocities.
In the case of a lattice described by a single-band Hub-
bard Hamiltonian the equations above are very slightly
modified due to the lack of continuous translational in-
variance. As we show in Appendix B, nα has simply to
be replaced by the kinetic energy density Kα.
It is straightforward to check that the densities satisfy
the normalization ρ = ρAA + ρBB + 2ρAB + ρn. At zero
temperature the normal density vanishes yielding:
lim
q→0
(
χ⊥jA,jA(q) + χ
⊥
jB ,jB (q)
)
= −2 lim
q→0
χ⊥jA,jB (q) . (18)
This means that in presence of the drag the individual
correlation functions χ⊥jα,jα do not vanish even at zero
temperature, consequently decreasing the value of the
diagonal superfluid densities ραα.
At zero temperature the correlation functions χ⊥jα,jβ (q)
are determined in the low q limit by matrix elements
which connect multiparticle excited states only. In fact,
single particle excitations cannot contribute to the trans-
verse response because they have a defined axial symme-
try determined by their momentum q (see [11], Vol. II,
Chapter 4), and a transverse current cannot excite them.
On the other hand, multiparticle excitations do not pos-
sess any symmetry around the q axis and can contribute
to the transverse response χ⊥jα,jβ (q). Thus, we can write:
lim
q→0
χ⊥jα,jβ (q) = limq→0
χ⊥jα,jβ (q)
(m.p.) . (19)
With the superscript “m.p.” we indicate that only matrix
elements connecting the ground state to multiparticle ex-
cited states are accounted for.
This reasoning does not apply to the longitudinal re-
sponse where single particle excitations have the same
axial symmetry as the probe. Nevertheless we should ex-
pect that the contribution of multiparticle excitations to
the transverse and the longitudinal response is the same
as they don’t have any axial symmetry that can discrim-
inate between a transverse and a longitudinal current.
We can write that:
lim
q→0
χ⊥jα,jβ (q)
(m.p.) = lim
q→0
χ
‖
jα,jβ
(q)(m.p.) . (20)
This equality will be crucial in the next section where
we will investigate the relation between the Andreev-
Bashkin effect and sum rules.
B. Longitudinal response and sum rules
The dynamic structure factor for an operator Fˆ is de-
fined as:
SF (ω) = Z
−1∑
mn
e−βEm | 〈n|Fˆ |m〉 |2 δ(~ω− ~ωmn) (21)
where ~ωmn = Em−En. We will be concerned here with
the cases in which the operator Fˆ is the density operator
(with corresponding dynamic structure factor Sd)
ρˆq =
∑
p,σ
aˆ†p+q,σaˆp,σ , (22)
or the spin operator (resp. Ss)
sˆq =
∑
p,σ
σaˆ†p+q,σaˆp,σ . (23)
The properties of the structure factor Sd(s)(q, ω) are de-
termined by the excitation spectra of density (spin) fluc-
tuations, as it is composed of the sum of the squared
matrix elements of all possible excitation processes. The
sum rule formalism allows us to derive general constraints
on the moments of the structure factor (see, e.g., [9]).
Let us specialize here to the case where the two com-
ponents have equal masses mA = mB = m and densities
nA = nB = n, the generalization being quite straightfor-
ward. Consider the density (spin) current jd(s) = jA± jB
and their respective response functions:
χ
‖
jd(s)jd(s)
(q) ≡ χ‖jA,jA(q) + χ
‖
jB ,jB
(q)± 2χ‖jA,jB (q) (24)
Using Eqs. (20), (24) and (15) we can find an alternative
way to write ρAB :
χ
‖
jdjd
(q)(m.p.) − χ‖jsjs(q)(m.p.) = 4χ
‖
jA,jB
(q)(m.p.)
q→0
= −4ρAB
m2
.
(25)
Because we have local conservation of particle number
for both A and B species separately, both jd and js obey
5continuity equations and therefore their response func-
tions (Eq. (24)) can be rewritten in terms of the dynamic
structure factors as (see, e.g., [11], Vol. I, Chapter 4):
χ
‖
jd(s)jd(s)
(q) =
2
q2
1
V
∫ ∞
0
ωSd(s)(q, ω)dω
=
2
q2
M1,d(s)(q)
(26)
where M1,d(s)(q) denotes the first moment of Sd(s)(q, ω),
satisfying the f-sum rule:
2
q2
M1,d(s)(q) =
{
2n/m Continuous space
−l2K/(3~2V ) Cubic lattice
(27)
where l is the lattice spacing and K is the kinetic energy.
Since at vanishing temperature the drag is determined
only by the multiparticle contributions it is important to
know whether these are present in the low q limit. In
a two component superfluid, single particle excitations
do not exhaust the f-sum rule in the spin channel, anal-
ogously to the case of Fermi Liquid theory. This fact
is connected to the non conservation of the spin current
[13]. The analysis of conservation laws allows us to iden-
tify the low q limit of the contributions to M1,s coming
from 〈0|sˆq|n〉 and (ωn − ω0) for long wavelengths [14].
These are summarized in table I.
Single Particles Multiparticle
| 〈m|ρˆq|n〉 |2 q q4
| 〈m|sˆq|n〉 |2 q q2
(ωn − ωm) q const.
M1,d q
2 q4
M1,s q
2 q2
TABLE I. Contributions to the sum rule in the low q limit.
The table shows how, in the f-sum rule for the spin mo-
ment M1,s, single particle and multiparticle excitations
contribute at the same order in q, while for the density
moment M1,d, single particle excitations are dominant
and so they exhaust the sum rule in the long wavelength
(q→ 0) limit.
The drag can now be expressed directly from the mul-
tiparticle contributions to the sum rule M1,s. Using Eqs.
(25) and (27) we can write
ρAB = lim
q→0
m2
2q2
M
(m.p.)
1,s (q) (28)
where we used the fact that the density sum rule is ex-
hausted by single particle excitations in the low q limit,
namely:
lim
q→0
2
q2
M
(m.p.)
1,d (q) = 0 . (29)
Finally making use of the last equality in Eq. (27):
ρAB =
mn
2
(
1− lim
q→0
m
nq2
M
(s.p.)
1,s (q)
)
. (30)
The superscript (s.p.) indicates the fact that we are ac-
counting for contributions to M1,s coming only from sin-
gle particle excitations. Thus if we know the value of
the drag we can compute the single particle contribution
to the first moment of the spin operator using equations
(30) and (28), as we will do in section III B.
The presence of a finite drag ρAB implies that the low
energy, long wavelength quantum hydrodynamic Hamil-
tonian for two superfluids contains off-diagonal superfluid
densities (see, e.g., [6]):
Heff =
∑
α,β=A,B
∫
dr
(
~2ραβ
2m2
∇φˆα∇φˆβ + gαβ
2
ΠˆαΠˆβ
)
.
(31)
In the previous expression ~∇φˆα/mα is the superfluid ve-
locity fluctuation of component α, Πˆα the density fluctu-
ation and gαβ = ∂
2/∂nα∂nβ with  the ground state en-
ergy is the compressibility matrix. The operators φˆα and
Πˆα satisfy the commutation relations:
[
φˆα(r), Πˆβ(r
′)
]
=
i~δαβδ(r − r′). Using the effective Hamiltonian the first
moment of an operator Fˆ can be also calculated [9] v ia
the commutator:
Meff1,F =
1
2V ~2
〈
[
Fˆ †,
[
Hˆeff , Fˆ
]]
〉. (32)
In particular for a spin density perturbation Fˆ = ΠˆA,q−
ΠˆB,q and indeed Eq. (32) coincides with the single par-
ticle excitation result Eq. (30).
III. WEAKLY INTERACTING BOSE-BOSE
MIXTURE: DRAG AND EXCITATIONS
In this section we explore the effect of the drag on
the elementary and collective excitations of a weakly in-
teracting Bose-Bose mixture. We compute the drag by
means of the formalism of the previous section. Then,
making use of sum rules, we calculate the full beyond
mean field correction to the frequencies of spin waves and
of the spin dipole collective mode. Quite generally, the
drag results in a change in the frequency of excitations
in the spin channel.
A. Collisionless drag for a weakly interacting
Bose-Bose mixture
A strength of the linear response formalism we devel-
oped is that it provides a method to compute easily the
superfluid density matrix. To show it at work we now
compute the relevant response functions in the Bogoli-
ubov approximation for a weakly interacting Bose-Bose
mixture at zero temperature. With the computations in
this subsection we reproduce in a very easy way the re-
sults in Ref. [4]. For completeness in Appendix B we
also show how to easily recover the result for the Hub-
bard model obtained in [5].
6We will compute the current response in one compo-
nent to a probe current in the other component along the
x direction. Since the system is isotropic, the response
will also be along the x direction. For simplicity we will
assume a Z2 symmetric mixture, meaning that the densi-
ties, the masses and the intraspecies contact interactions
of the two components are equal, namely nA = nB = n,
mA = mB = m and gAA = gBB = g. Additionally, at
zero temperature, Eq. (18) for the Z2 symmetry implies
the following useful equality:
χ⊥jx,A,jx,A(q, ω) = χ
⊥
jx,B ,jx,B (q, ω) = −χ⊥jx,A,jx,B (q, ω).
(33)
We consider the case of a uniform weakly interacting
Bose-Bose mixture. The mixture is stable in the mean
field approximation when g > 0 and |gAB | < g, where
gAB is the interspecies coupling. Since linear response
requires the ground state to be stable we will only con-
sider the case |gAB | < g. The Hamiltonian describing the
system, written in the momentum space basis, is:
Hˆ =
∑
α=A,B
∑
k
kaˆ
†
k,αaˆk,α
+
g
2V
∑
α=A,B
∑
k1,k2,p
aˆ†k1+p,αaˆ
†
k2−p,αaˆk1,αaˆk2,α
+
gAB
2V
∑
k1,k2,p
aˆ†k1+p,Aaˆ
†
k2−p,B aˆk1,Aaˆk2,B ,
(34)
where aˆk,α and aˆ
†
k,α respectively annihilate and cre-
ate a particle of species α and momentum k and
k = ~2k2/2m.
The intraspecies and interspecies couplings are re-
lated to the scattering lengths by g = 4pi~2a/m and
gAB = 4pi~2aAB/m respectively. In the weakly interact-
ing limit, when na3  1, quantum fluctuations are small
and the Hamiltonian in Eq. (34) can be reduced to a
quadratic form by means of the Bogoliubov approxima-
tion. We retain only terms which are quadratic in the
operators ap,α and a
†
p,α for p 6= 0 and replace ap=0,α and
a†p=0,α with
√
N0, where N0 is the number of particles
in the condensate. The quadratic Hamiltonian can be
diagonalized by a canonical transformation to the basis
of Bogoliubov quasiparticles bˆ†d,k and bˆ
†
s,k in a balanced
two component mixture [15]:
aˆk,A = (ud,kbˆd,k + vd,kbˆ
†
d,−k + us,kbˆs,k + vs,kbˆ
†
s,−k) ,
aˆk,B = (ud,kbˆd,k + vd,kbˆ
†
d,−k − us,kbˆs,k − vs,kbˆ†s,−k) .
(35)
The labels d and s indicate density and spin quasiparti-
cles and the coefficients ud(s),k and vd(s),k are:
ud(s),k =
1
2
√ k
Ωd(s),k
+
√
Ωd(s),k
k
 ,
vd(s),k =
1
2
√ k
Ωd(s),k
−
√
Ωd(s),k
k
 (36)
where Ωd,k and Ωs,k are the excitation energies of the
density and spin excitations respectively, namely:
Ωd(s),k =
√
~2k2
2m
(
~2k2
2m
+ 2gn± 2gABn
)
. (37)
The diagonalized Hamiltonian takes the form:
Hˆ ≈ E0 +
∑
γ=d,s
∑
k6=0
Ωγ,kbˆ
†
γ,kbˆγ,k . (38)
We substitute the above expressions into equations
(15), (16) and (17) and use Eqs. (10) and (33) to find the
expression of the drag in terms of the excitation spectra
Ωd(s),k:
ρAB = −m2 lim
q→0
χ⊥jx,A,jx,B (q)
=
~2
8V
∑
k
(Ωd,k − Ωs,k)2
(Ωd,k + Ωs,k)Ωs,kΩd,k
k2x .
(39)
This reproduces the result obtained in [4] by expanding
the spectrum of the mixture for small superfluid veloci-
ties. The expression of equation (39) is rather suggestive.
The numerator implies that the collisionless drag strictly
depends on the difference in the bare excitation energies
in the spin and density channel. The result of equation
(39) is an even function of the interspecies interaction
gAB , as a result of the Bogoliubov approximation. Inclu-
sion of higher order terms should eliminate this symme-
try. In particular one can expect the drag to be stronger
in the attractive regime where density-density fluctua-
tions are enhanced.
The sum in equation (39) can be turned into an integral
which can be solved analytically, giving:
ρAB = mn
√
na3η2F (η) (40)
where η = |gAB |g and:
F (η) =
256
45
√
2pi
2 + 3
√
(1 + η)(1− η)
(
√
2(1− η) +√2(1 + η))3 (41)
One can easily check by directly computing the re-
sponse functions χjx,A,jx,A(q) and χjx,B ,jx,B (q), the the
Bogoliubov approach satisfy the condition Eq. (18).
A couple of remarks are worth. In presence of a su-
perfluid phase we would expect the response functions
χjx,A,jx,A(q) and χjx,B ,jx,B (q) to converge to the trans-
verse (longitudinal) response when qx goes to zero before
(after) qy and qz (Eq. (12)). However within the Bogoli-
ubov approximation all the long wavelength limits com-
mute, implying incorrectly that there is no distinction
between the transverse and longitudinal response. While
the prediction for the transverse response is correct, the
Bogoliubov approximation gives an incorrect value for
the longitudinal response functions. This is a known
shortcoming of the Bogoliubov approximation, present
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FIG. 1. Superfluid drag as a function of the interspecies in-
teraction strength η = |gAB |/g. The drag is seen to increase
monotonically with η to a maximum of mn
√
na364/45
√
2pi.
Note also that ρAB is an even function of gAB and so it has
the same behaviour for attractive and repulsive interactions.
also in the single component case, that can be cured by
taking into account vertex corrections (see [16] for a de-
tailed treatment).
Also a different ordering of the ω = 0 and q = 0 lim-
its produces in general different results. While the static
response (obtained setting ω = 0 before q = 0) is related
to the superfluid densities, the dynamic response in the
low frequency limit (obtained setting ω = 0 after q = 0)
allows us to calculate the Drude weight [17], character-
izing a zero viscosity ground state even in the absence
of superfluidity. At zero temperature the Drude weight
and the superfluid weight coincide whenever the latter is
finite [17]. This result is predicted correctly by the Bo-
goliubov approximation, as the q = 0 and ω = 0 limits of
the response functions commute when computed within
this approximation.
B. Beyond mean field correction to the spin speed
of sound in a homogeneous gas
A crucial task in order to make the Andreev Bashkin
effect measurable is to predict its effect on physical ob-
servables that are accessible to experiments. Here we
address this point by computing the beyond mean field
correction to the spin speed of sound. Importantly for
the ongoing experiments on spin superfluidity (see, e.g.,
[18, 19]) we show that for a weakly interacting repulsive
Bose-Bose mixture the beyond mean field corrections to
the spin speed of sound are dominated by the change
in the susceptibility, with the collisionless drag giving a
minor contribution.
Interestingly in the next Section we show that the two
contributions are of the same order for the spin dipole
mode frequency for a trapped mixtures.
Indeed, for a homogeneous Z2 symmetric superfluid
mixture (i.e. such that gAA = gBB , mA = mB and
nA = nB = n) the sounds that can propagate are the
density and spin sound. While the former is not affected
by the drag, the latter receives a correction at first order
in the gas parameter
√
na3.
The spin speed of sound can be computed using mo-
ments of the spin structure factor. In general we can
employ sum rules to find an upper bound to the excita-
tion energy ~ωs of the spin mode [9]:
~ωs =
√
M1,s
M−1,s
, (42)
where M−1,s =
∫∞
0
Ss(q, ω)/ωdω. In the low q limit
M1,s vanishes as q
2 while M−1,s tends to a constant and
we get:
lim
q→0
M1,s
M−1,s
= c2sq
2 (43)
where cs is the spin speed of sound. Thus, knowledge of
the momentsM1,s andM−1,s allows to compute the value
of the spin speed of sound. However, since spin phonons
are single particle excitations we have to compute only
the single particle contribution to the moments M1,s and
M−1,s. As shown in section II B the single particle con-
tribution to M1,s is modified from the value nq
2/m in
presence of the drag (Eq. (30)) namely:
M
(s.p.)
1,s =
nq2
m
(
1− 2ρAB
mn
)
. (44)
The inverse energy weighted moment, M−1,s, is instead
exhausted by single particle excitations as evident from
table I and it is given by:
M−1,s = M
(s.p.)
−1,s =
χs
2
(45)
where χs is the spin susceptibility, defined as
χ−1s =
∂2(E/V )
∂(nA−nB)2 , and E is the energy of the superfluid
in its ground state.
Evaluating the correction of the Andreev-Bashkin drag
on the spin speed of sound requires to evaluate the spin
susceptibility at the same order. At mean field level
the drag is absent and the spin susceptibility is just
χs,MF =
2
g−gAB (using Eq. (A1)), giving the well known
expression for the spin speed of sound:
cs,MF =
√
n(g − gAB)
m
. (46)
Going beyond mean field the susceptibility gets an ad-
ditional term of order
√
na3 that stems from the Lee-
Huang-Yang correction to the ground state energy (see
Eq. (A2)), while M1,s gets the correction coming from
the drag according to Eq. (44). Using the result of Eq.
8(A5) for the susceptibility and of Eq. (41) for the drag
we obtain the following expressions:
M
(s.p.)
1,s =
nq2
m
(
1−
√
na3 2η2F (η)
)
,
1
M−1,s
= (g − gAB)
(
1 +
√
na3C(η)
) (47)
where the function C(η) is defined in Eq. (A6). The
speed of sound is thus affected both by the susceptibility
correction as well as by the drag ρAB . We define the
quantity:
δcs =
cs − cs,MF
cs,MF
(48)
which quantifies the deviation from the mean field spin
speed of sound caused by beyond mean field effects. Its
value is plotted in Fig.(2).
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FIG. 2. Beyond mean field correction to the spin speed of
sound (full line) as a function of the interspecies interactions
η = |gAB |/g. The correction coming from the drag (dashed)
is one order of magnitude smaller than that coming from Lee-
Huang-Yang terms in the susceptibility (dotted).
From Fig.(2) it is clear that the beyond mean field
correction to the spin speed of sound is dominated by
the susceptibility contribution. The overall correction
for typical values of the gas parameter
√
na3 ≈ 10−3
is of order 10−3 − 10−2 but the contribution from the
drag is one order of magnitude smaller. We mention that
a recent experiment [19] has been able to measure the
two (density and spin) sounds of a symmetric superfluid
mixture, although with the current precision it is not
possible to observe beyond mean field effects on the spin
speed of sound.
C. Spin dipole modes in a trap
We can apply a similar reasoning to the determination
of the frequency of dipole modes for a Bose-Bose mixture
trapped by a spherical harmonic potential:
V (r) =
m
2
ω20r
2 . (49)
assuming that it is in the Thomas-Fermi limit.
For a single component condensate the dipole mode
corresponds to the oscillations of the center of mass of
the system, characterized by the frequency ωD = ω0
[20], independently of the interactions. In the case of a
two component mixture the dipole mode splits into two
modes corresponding to the in and out of phase oscilla-
tions of the clouds of each component, corresponding to
the density and spin modes respectively. While for the in
phase oscillations we obviously recover the same result as
for the single component Bose gas, the out of phase oscil-
lations (i.e. the spin dipole mode) should be modified by
beyond mean field corrections, as in the analogous case
of Fermi-Liquid theory [21].
We apply the formalism of sum rules to the spin dipole
operator Dˆs:
Dˆs =
∫
d3rx (nˆA(r)− nˆB(r)) . (50)
In particular, we are interested in the ratio:
~ωDs =
√
M1,Ds
M−1,Ds
. (51)
Similarly to the case of the spin operator in the previ-
ous subsection, the single particle contribution to M
(s.p.)
1,Ds
is modified by the presence of the collisionless drag as is
evident from evaluating the commutator (Eq. (32)):
M
(s.p.)
1,Ds
=
1
2V
〈
[
Dˆs,
[
Hˆeff , Dˆs
]]
〉
=
1
V
∫
d3r
n(r)
m
(
1− 2ρAB(r)
mn(r)
)
.
(52)
where the Hamiltonian Hˆeff is the effective hydrody-
namic Hamiltonian of Eq. (31) with the addition of the
harmonic trapping potential. The drag coefficient ρAB
must now be thought of as a function of the coordinates
through n(r), in the spirit of the local density approxi-
mation. This approximation should be valid as long as
the healing length is much smaller than the size of the
Bose-Bose mixture cloud, which we can identify with the
Thomas-Fermi radius RTF (see Eq. (A8)).
The inverse energy weighted moment, M−1,Ds , is de-
termined instead by the spin susceptibility. We have in-
deed:
M−1,Ds =
1
2V
∫
d3rx2χs(n(r)) . (53)
Again at mean field level the drag is absent and the sus-
ceptibility is just χs,MF =
2
g−gAB , giving the following
result for the mean field spin dipole frequency ωMF :
ω2MF =
g − gAB
g + gAB
ω20 (54)
9To include the beyond mean field corrections we make
use of Eqs. (A5), (A10) and (41) to obtain the following
results:
M
(s.p.)
1,Ds
=
n
m
(
1− 15pi
32
√
n(0)a3η2F (η)
)
,
1
M−1,Ds
=
R2TF
5(g − gAB)
(
1 +
5pi
32
√
n(0)a3(C(η)−B(η))
)
(55)
where with RTF we indicate the Thomas-Fermi radius of
the cloud of the two components at mean field level (Eq.
(A8)). The function B(η) is defined in the appendix in
Eq. (A4). We define the quantity:
δω =
ωDS − ωMF
ωMF
(56)
which quantifies the deviation from the mean field fre-
quency caused by beyond mean field effects. The overall
correction to the spin dipole frequency is positive. As
in the case of the spin speed of sound, the correction of
the drag δω is one order of magnitude smaller than the
correction on M−1.
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FIG. 3. Beyond mean field correction to the spin dipole fre-
quency (full line) as a function of the interspecies interactions
η = |gAB |/g. Although the overall correction is smaller than
in the case of the spin speed of sound, here the effect of the
drag (dashed) is comparable with that of the susceptibility
(dotted).
As we see from Fig.(3), the correction to the spin dipole
frequency due to the drag is extremely small: for typical
values of the gas parameter
√
n(0)a3 ≈ 10−3 the relative
correction given by the drag is of order 10−3−10−4. How-
ever, differently from the case of the speed of sound the
correction from the drag can become comparable to the
susceptibility one, owing to the non monotonic behaviour
of the latter. The correction coming from the suscepti-
bility is not a monotonic function of η (contrarily to the
homogeneous case) as a result of the competition between
the functions C(η) and B(η). The latter comes from the
beyond mean field correction to the spin susceptibility
(Eq. (A5)), the former comes from the beyond mean field
correction to the size of the cloud (Eq. (A10)). Both be-
yond mean field corrections vanish when η = 0 as in that
case the two clouds oscillate independently and we get
ωDs = ω0 as for the in phase oscillations.
The major drawback of weakly interacting gases is ap-
parent from our results. The Andreev-Bashkin effect is
made elusive by the fact that, being due to beyond mean
field quantum fluctuations, it is typically very small in
cold gases settings. While increasing the strength of in-
teractions would increase the magnitude of the drag, it
would also amplify three-body losses. We also expect
that attractive interspecies interactions (gAB < 0) would
enhance the effect as they increases density fluctuations,
a feature that is not captured by the Bogoliubov approx-
imation (see Eq. (41)).
IV. CONCLUSIONS
In this work we analysed the Andreev-Bashkin effect
within linear response theory. In analogy with the single
component case the superfluid densities can be expressed
in terms of transverse current-current response functions.
The presence of a finite drag density arises from multi-
particle excited states, which are shown to give an ad-
ditional contribution to the first moment of the spin
structure factor Ss(q, ω). Since the moments of Ss(q, ω)
are constrained by a sum rule, the fact that the drag is
nonzero means that the single quasiparticle contribution
is changed (see e.g. Eq. (44)), resulting in a modifi-
cation of their frequency. The formalism used allow to
clarify how to properly derive the drag and its meaning
as a ”normal” component when looking only to a single
component of the mixture.
Using current-current response functions we evaluate
the collisionless drag in a two component weakly interact-
ing Bose gas within the Bogoliubov approximation. This
allows us to easily recover the results obtained via energy
vacuum calculation [4] and give a more direct interpre-
tation of the drag as spin-density phonon mixing. We
show how typical measurable quantities as the spin speed
of sound and the spin dipole mode frequency [18, 19] are
affected by the presence of the drag. While the change in
the susceptibility due to quantum fluctuations dominates
the correction to the spin speed of sound, in the case of
the spin dipole frequency the correction due to the pres-
ence of the drag is of the same order of magnitude as the
correction coming from the susceptibility.
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Appendix A: Thermodynamic quantities for the
weakly interacting Bose-Bose mixture
We consider the case of a homogeneous weakly inter-
acting Bose-Bose mixture. The energy of a Bose-Bose
mixture in the mean field approximation is just given by:
EMF
V
=
1
2
gAAn
2
A +
1
2
gBBn
2
B + gABnAnB . (A1)
The lowest order beyond mean field correction to this
energy, known as the Lee-Huang-Yang term, can be found
in [22] and reads for equal masses mA = mB = m and
intraspecies coupling gAA = gBB = g:
ELHY /V =
8
15pi2
m3/2 (gnA)
5/2
f
(
1,
g2AB
g2
,
nB
nA
)
(A2)
with f(1, x, y) =
∑
±
(
1 + y ±√(1− y)2 + 4xy)5/2 /4√2,
a dimensionless function.
From equation (A2) we can obtain the chemical poten-
tial µα =
∂E
∂Nα
of each species α. In the Z2 symmetric
case where µA = µB = µ we get:
µ = (g + gAB)n
(
1 +
2
3
√
na3B(η))
)
(A3)
where η = |gAB |g and:
B(η) =
8√
pi(1 + η)
(
(1 + η)5/2 + (1− η)5/2
)
. (A4)
We can also derive the magnetic susceptibility χs =
∂2(E/V )
∂(nA−nB)2 , which reads:
χ−1s = g
1− η
2
[
1 +
√
na3C(η)
]
(A5)
where we defined the function
C(η) =
16
3
√
pi
1 + η
η
(
(1 + η)3/2 − (1− η)3/2)
)
. (A6)
These formulas have been used for the calculation of
the beyond mean field correction to the spin speed of
sound in section III B.
For the case of the spin dipole oscillations we need
instead to consider the trapped case. In presence of har-
monic trapping the chemical potential µ and the suscep-
tibility become position-dependent through the equilib-
rium density profile n(r). At mean field level the latter
reads:
n(r) =
2µTF
(g + gAB)
(
1− r
2
R2TF
)
(A7)
where RTF =
√
2µTF
mω20
is the Thomas-Fermi radius and
µTF the Thomas-Fermi chemical potential. Imposing
that the integrated density gives the total number of par-
ticles we find:
RTF =
(
15N (g + gAB)
8pimω20
)1/5
, (A8)
from which we can derive the chemical potential as a
function of the total number of particles, the trapping
potential and the interactions.
The inclusion of beyond mean fields effects results in a
correction in the value of µTF and of the Thomas-Fermi
radius RTF . The chemical potential at first order in the
gas parameter
√
n(0)a3 reads:
µ1TF = µTF
(
1 +
pi
16
√
n(0)a3B(η)
)
(A9)
and as a consequence:
R1TF = RTF
(
1 +
pi
32
√
n(0)a3B(η)
)
. (A10)
Appendix B: 2-component Bose-Hubbard model
We consider a weakly interacting Bose-Bose mixture of
N bosons with equal masses m in a cubic lattice of vol-
ume V with periodic boundary conditions, in the ther-
modynamic limit. We call l the lattice spacing and I
the number of sites. The Bose-Hubbard Hamiltonian de-
scribing the system is:
Hˆ = HˆA + HˆB + HˆAB (B1)
where
HˆA = −J
∑
〈i,j〉
(aˆ†i,Aaˆj,A + h.c.) + U
∑
i
nˆi,A(nˆi,A − 1) ,
(B2)
HˆB = −J
∑
〈i,j〉
(aˆ†i,B aˆj,B + h.c.) + U
∑
i
nˆi,B(nˆi,B − 1) ,
(B3)
HˆAB = UAB
∑
i
nˆi,Anˆi,B . (B4)
From the tunneling coefficient J we can define the usual
effective mass as m∗ = ~2/(2Jl2). The current density
operator at a given site i on the cubic lattice is defined
as:
jˆα(i) = −iJl~
∑
u
(aˆ†i,αaˆi+u,α − h.c.)u (B5)
where u is a lattice vector of unit length. In what fol-
lows we will choose the currents and the velocities to be
along an arbitrary lattice vector x. The linear response
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treatment of the three-fluid hydrodynamics in the case
of a lattice is very similar to that of section II A. The
main difference is in the action of the boost operator
Uˆ = exp (−i ∑
α=A,B
m∗
~ vα · Rˆα), which changes from that
of equation (7) to:
U†jˆα(i)U = jˆα(i) +
1
2J
Kˆx,α(i)vαx (B6)
where vα is the boost velocity and Kˆx,α(i) is the kinetic
energy density operator for a species α along x directed
links, namely:
Kˆx,α(i) = −J(aˆ†i,αaˆi+x,α + h.c.) (B7)
and we have that
〈
Kˆx,α(i)
〉
= Kx,α. This different trans-
formation rule is due to the commutation relation be-
tween current and position in a lattice system, which
reads: [
Rˆu,α, jˆu′,β(i)
]
= −i~δαβδuu′ Kˆu,α(i)
2Jm∗
(B8)
Applying linear response theory as in section II A we
obtain:
m∗2
∑
α,β=A,B
lim
q→0
χ⊥jA,jB (q) = ρAB (B9)
m∗
(
− 1
2JV
〈Kˆx,α〉+m∗ lim
q→0
χ⊥jα,jα(q)
)
= ραα (B10)
m∗2
∑
α,β=A,B
lim
q→0
χ⊥jα,jβ (q) = ρn (B11)
Equations (B9), (B10) and (B11) are the discrete space
analogous to Eqs. (15), (16) and (17) of section. The
only difference is the operator 12JV Kˆα in place of nˆα, as
a result of the different transformation rule of the current
jˆ(r) under a boost in presence of a lattice, Eq. (B8).
We can compute the drag in the Bogoliubov approxi-
mation as we did in the translational invariant system:
ρAB =
~2
8V
∑
k
(Ωd,k − Ωs,k)2k2x
(Ωd,k + Ωs,k)Ωs,kΩd,k
(
sin(kxl)
kxl
)2
(B12)
where Ωd,k and Ωs,k are the excitation energies of the
density and spin degrees of freedom respectively, namely:
Ωd(s),k =
√
(k)((k) + 2Uf ± 2UABf) (B13)
with (k) = 4J
∑
i=x,y,z sin
2(kil/2) and f = N/I is the
filling fraction. In the limit l → 0 Eq. (B12) coincides
with the result for the homogeneous system, equation
(39).
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